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The KdV equation and the Toda lattice are two central and widely-
studied examples of classical integrable systems, and many of their
variations have been introduced to the present. In particular, the
box-ball system (BBS) is a basic example of a discrete integrable
system, which has been revealed to be an ultra-discrete version of
the KdV equation and the Toda lattice. The BBS has been studied
from various viewpoints such as tropical geometry, combinatorics,
and cellular-automaton. As a new perspective, research on prob-
abilistic approaches to this system has been rapidly expanding in
recent years, including the application of the Pitman transform,
analysis of invariant measures and its generalized hydrodynamics.
More recently, we find that the application of the Pitman trans-
form and the study of invariant measures of i.i.d.-type also work in
the same manner for the discrete KdV equation and the discrete
Toda lattice [1, 2]. Further research has begun on the relationship
between the Yang-baxter maps and the existence of i.i.d.-type in-
variant measures for the discrete integrable systems [3]. In this talk,
I will introduce these new research topics that have been spreading
over the past several years from the basics.

This talk is based on joint work with David Croydon, Tsuyoshi
Kato, Satoshi Tsujimoto, and Ryosuke Uozumi.

Acknowlegments: The work was mostly completed while I was
being kindly hosted by the Courant Institute, New York University.

Funding: This work was supported by JSPS Grant-in-Aid for Sci-
entific Research (B), 19H01792.



References

[1] Croydon, David A., Sasada, Makiko and Tsujimoto,
Satoshi: Bi-infinite Solutions for KdV- and Toda-Type Dis-
crete Integrable Systems Based on Path Encodings, Mathemat-
ical Physics, Analysis and Geometry, 25,4 (2022).

[2] Croydon, David A. and Sasada, Makiko: Detailed bal-
ance and invariant measures for systems of locally-defined dy-
namics, arXiv:2007.06203 (2020).

[3] Sasada, Makiko and Uozumi, Ryosuke: Yang-Baxter
maps and independence preserving property, arXiv:2212.00963
(2022).

2


